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Hybrid quantum-classical algorithms

• Varia;onal Quantum Eigensolver (VQE) [1] 
ℒ(θ) = ⟨ψ(θ) |H |ψ(θ)⟩

• Quantum Approximate Op;miza;on Algorithm (QAOA) [2] 
|ψ(β, γ)⟩ = e−iβpX e−iγpH ⋯ e−iβ1X e−iγ1H | + ⟩
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Hybrid methods are promising for NISQ 
devices

• Ideally: Only do the quantum-easy-classically-hard part on the quantum 
device

• Varia;onal principle has a long history

• Short coherence ;mes are OK due to itera;ve process

• (Implicit) error mi;ga;on by the classical op;mizer [1]

[1] L. Cincio et al., 2007.01210

Review of NISQ algorithms: K. Barthi et al., 2101.08448

Review of variational algorithms: M. Cerezo et al., 2012.09265

http://www.arxiv.org/abs/2007.01210
http://arxiv.org/abs/2101.08448
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Zeroth-order Optimization

• Nelder-Mead method 

• SPSA (simultaneous pertuba;on stochas;c approxima;on) and RSGF 
combined with ADAM 

• swarm op;miza;on 

• gene;c algorithm 

• scikit-quant.org [2]

Review: M. Benedetti et al., Quantum Sci. Technol. 2019

[2] W. Lavrijsen et al., 2004.03004

https://doi.org/10.1088/2058-9565/ab4eb5
http://arxiv.org/abs/2004.03004


First-order Optimization

Gradient descent method:    θt+1 = θt − η∇θℒ
θt

θt θt+1

ℒ

θ
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• Parameter-shiA rule [2,3]  
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ℒ(θ) = ∑
i

[ − yi ]
2

⟨∑
j

hj⟩(xi, θ)

1. Measurement shots 
2. Observable components 
3. Data 
4. Parameter-shiA terms

hardware-dependent 
(shots might actually be cheap)

non-commu;ng components

dependent on circuit architecture 
(at least factor of 2)



Sources of stochasticity

 ∂θ ℒ = ∑
i

2[∑
j

⟨hj⟩(xi, θ)−yi]∑
j

1
2 (⟨hj⟩(xi, θ+ π

2 )−⟨hj⟩(xi, θ− π
2 ))

ℒ(θ) = ∑
i

[ − yi ]
2

⟨∑
j

hj⟩(xi, θ)
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•  Problem: Divide  into two subsets, 
s.t. the number of edges between them is 
maximal.    NP-hard 

G = (V, E) V

←

     

• QAOA: 

H = ∑
(i, j) ∈ E

σz
i σz

j

|ψ(β, γ)⟩ = e−iβpX e−iγpH ⋯ e−iβ1X e−iγ1H | + ⟩
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MAXCUT with QAOA

p=50, random graphs |V | = 8, |E | = 16
Number of shots is a hyper parameter.
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• Rosalin [3] 
Cleverly distribute and adapt "shot budget" amongst Hamiltonian 
terms.  Weighted Random Sampling→

• Rigorous bounds on required number of shots [4]

[1] J. Napp et al., 1901.05374          [2] J. M. Kübler et al., Quantum 2020 

[3] A. Arrasmith et al., 2004.06252   [4] B. van Straaten et al., PRX Quant. 2021

http://www.arxiv.org/abs/1901.05374
https://quantum-journal.org/papers/q-2020-05-11-263/
http://www.arxiv.org/abs/2004.06252
https://journals.aps.org/prxquantum/abstract/10.1103/PRXQuantum.2.030324
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•Provable convergence under certain assump;ons about  [1] 

‣ Polyak-Lojasiewicz (PL) inequality "no local minima" 

‣ Lipschitz con;nuity

ℒ

https://www-m5.ma.tum.de/foswiki/pub/M5/Allgemeines/MA4801_2016S/ML_notes_main.pdf
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What now?

• Non-polynomial loss func;ons

• #(measurement shots) and barren plateaus 

• Impact of noise [1] 
Robustness through the parameter shiA rule? [2]

[1] W. Lavrijsen et al., 2004.03004

[2] J. J. Meyer et al., 2006.06303

http://arxiv.org/abs/2004.03004
http://www.arxiv.org/abs/2006.06303
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Fast QAOA optimization
|ψ(β, γ)⟩ = e−iβpX e−iγpH ⋯ e−iβ1X e−iγ1H | + ⟩

eiβpσx
1 ⋯ eiβpσx

n

 parameter shiA terms2n

 parameter shiA terms2m

Sampling PS terms alone reduces #(circuit evalua;ons) 

by a factor of  per op;miza;on step.
2p

2pn + 2pm
=

1
n + m



Scaling
QAOA on Erdős–Rényi graphs (edge probability 30%) ~20 samples/data-point (unpublished)



Corrections for polynomial loss functions

• Let  represent the measurement 

• Expand  around  

•  

•

X

ℒ(X) 𝔼(X) = x0

ℒ(X) = ℒ(x0) + ℒ′ (x0) (X − x0) +
s

∑
n=2

1
n!

ℒ(n)(x0) (X − x0)n

𝔼[ℒ(X)] = 𝔼[ℒ(x0)] +
s

∑
n=2

1
n!

ℒ(n)(x0) 𝔼[(X − x0)n]


